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Delocalization and Classicalization of Quantum Wavepacket in Kicked Anderson

Model
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We consider quantum diffusion of the initially localized wavepacket in one-dimensional kicked
disordered system with classical coherent perturbation. The wavepacket localizes in the un-
perturbed kicked Anderson model. However, the wavepacket gets delocalized even by coupling
with monochromatic perturbation. We call the state “dynamically delocalized state.” It is
numerically shown that the delocalized wavepacket spreads obeying diffusion law, and the
perturbation strength dependence of the diffusion rate is given. The sensitivity of the delocal-
ized state is also shown by the time-reversal experiment after random change in phase of the
wavepacket.
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1. Introduction

Recently, we have found an interesting property in An-
derson model with coherently time-dependent perturba-
tion.1–7) In one-dimensional disordered system (1DDS),
it is well known that almost all eigenstates are localized.
The quantum diffusion of initially localized wavepacket
in the 1DDS is suppressed at the localization length, as
a result of the interference between scattering waves.8)

When classical coherent perturbation consisting of some
frequency components makes the localized state delocal-
ized, we called the state dynamically delocalized state.3, 4)

Moreover, when we couple a harmonic oscillator with
the delocalized state in the perturbed Anderson model,
the energy, prepared in an excited state, has been irre-
versibly transferred to the oscillator.2–4, 7) The similar
localization and delocalization phenomena can be ob-
served in kicked Anderson model with coherently time-
dependent perturbation.9, 10) Accordingly, instead of
Anderson model we can use the kicked Anderson model
to investigate the localization and the delocalization phe-
nomena. Generally the kicked system is convenient to
save CPU time for long-time numerical simulation. In
the present paper, we investigate the delocalization and
the sensitivity to the change of the phase as perturba-
tions from other degrees of freedom (DOF) is introduced
in the kicked 1DDS.

The outline of the present paper is as follows. In Sec. 2
model system investigated is introduced. In Sec. 3, we
investigate the wavepacket dynamics in coherently per-
turbed kicked Anderson model. In Sec. 4, we give nu-
merical result for time-reversal experiments after random
change in phase of the wavepacket in the dynamics. The
last section is devoted to summary and discussion.

2. Model

We consider a parametrically perturbed kicked Ander-
son model to investigate delocalization phenomena in the
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1DDS, which Hamiltonian is given as follows:

Hosc(t) = T (p̂) +
∑

n

|n〉V (n, t)〈n|
∑
m

δ(t − m),

V (n, t) = V (n)
(

1 +
ε√
L

L∑
j

cosωjt

)
,

where p̂ (= −i∂/∂x) is a shift operator and V (n) is uni-
formly distributed on-site energy in the range [−W, W ].
T (p̂) = 2(cos p̂ − 1) is hopping terms between nearest
neighbor sites. The frequency components of the classi-
cal coherent perturbation {ωj} are taken to be mutually
incommensurate numbers and the order is O(1). The
time evolution operator for s steps is given by,

U(s) =
s∏

k=1

e−iT (p̂)/2�e−iV (n,k)/�e−iT (p̂)/2�.

The value of the wave function is determined in the mid-
dle of the two successive kicks, and the periodic boundary
conditions are assumed.

3. Dynamical Delocalization

We show time dependence of the mean square displace-
ment (MSD), m2(t) = 〈Ψ(t)|(n − n0)2|Ψ(t)〉, of initially
localized wavepacket Ψ(n, t = 0) = δn,n0 in the paramet-
rically perturbed kicked Anderson model. It has been nu-
merically shown that in the unperturbed case (L = 0),
diffusion of the wavepacket is suppressed and localized
around certain localization length.9, 10) As seen in Fig. 1
the wavepacket is delocalized even by the monochro-
matic perturbation (L = 1), and we can call the state
dynamically delocalized state in a sense that any stochas-
tic perturbation is not imposed on the system.3, 4) Note
that the axes of Fig. 1(b) are in log-scale. Accordingly
when the perturbation strength is small, it seems that
the diffusion is not a normal diffusion: subdiffusions are
well observed. It seems that the subdiffusion gradually
turns to normal diffusion as the perturbation strength
increases to 0.2 from 0.1. It is, however, difficult to
judge whether the critical value εc dividing the subd-
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Fig. 1. (a) Time dependence of MSD in kicked Anderson model
with monochromatic perturbation (L = 1) at some perturbation
strength ε, and (b) the log–log plots. The system and ensemble
sizes are 214 and 30 respectively. (W = 0.5, ~ = 0.125.)

iffusion and normal diffusion exists or not by the numer-
ical data. We can characterize the subdiffusion by the
index α in a form, m2 ∼ tα. Figure 2(b) shows the in-
dex α as a function of the perturbation strength ε. The
exponent α approaches unity from below with increas-
ing ε. The diffusion rate D estimated by m2 � Dt in
Fig. 1(a) is given in Fig. 2(a). Figure 3 shows time-
dependence of the ensemble-averaged probabilistic func-
tion P (n, t) = 〈|Ψ(n, t)|2〉. The functional form of the
distribution function approaches Gaussian function as
increase of the strength ε, which corresponds to a solu-
tion in diffusion equation in the stochastic process. We
can regard the delocalization as a kind of “classicaliza-
tion” of the quantum wavepacket, which is caused by the
coupling with the other DOF. It is found that the num-
ber of DOF for the “classicalization” is three based on
the autonomous transformation of the time-dependent
Hamiltonian.

When the number of the frequency components of
the perturbation increases (L = 2, 3), normal diffu-
sion brings about even in the much smaller perturba-
tion strength than monochromatically perturbed case.10)

The details will be reported elsewhere.10) In the next sec-
tion we focus on only the monochromatically perturbed
cases.
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Fig. 2. Perturbation strength dependence of (a) diffusion rate D
and (b) power index α estimated by data in Fig. 1.

It is worth noting that the delocalization can be
brought about in a quantum system composed of three
DOF when we map the time-dependent Hamiltonian
on autonomous Hamiltonian.11) We have already re-
ported that in the perturbed Anderson model, not kicked
Anderson model, more than two frequency components
are necessary to observe the delocalized phenomena.3, 4)

Then total number of DOF was three. It correspond
to monochromatically perturbed kicked Anderson model
concerning the number of DOF.

4. Time Irreversibility

In this section, we show the result for time-reversal
experiments after random change in phase of the
wavepacket in the dynamics of the unperturbed and the
monochromatically perturbed kicked Anderson model,
comparing with results in periodic system.

First the system evolves by the time-evolution opera-
tor U , until t = T . At t = T a perturbation P̂ is applied
for the wavepacket. We used the random change in phase
of the wavepacket Ψ(n, T ) at each site n. Accordingly the
perturbation does not change the probability amplitude
|Ψ(n, T )|2. After applying the perturbation P̂ , we evolve
the state by the unitary operator U(T − t′) until t′ = T
as follows

Ψ(t′ + T ) = U(T − t′)P̂U(T )Ψ(0).

In the concrete, we change the state of the packet at
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Fig. 3. Some snapshots of the ensemble averaged probability dis-
tribution function of the monochromatically perturbed kicked
Anderson model (L = 1) with (a) ε = 0.1, (b) ε = 0.4.
(t = 1000, 3000, 5000.)

t = T by an operation P̂ ,

Ψ(n, T ) → eiaξnΨ(n, T ),

where ξn (∈ [−1, 1]) is a random change in phase at each
site n and a is the change-strength. We monitor the time
dependence of the MSD for the total process.

Figure 4 shows the results for various phase-change
strength a in binary periodic case and disordered case
without perturbation (L = 0). In both cases as increase
of the strength a the state does not return to the initial
state and begins to diffuse. If we continue the simulation
beyond the time t = 2T , the wavepacket ballistically
diffuses in the periodic system and is localized in the
disordered system.

Figure 5 shows the results of the time reversal ex-
periments for various random change in phase strength
a in periodic system with monochromatic perturbation
(L = 1, ε = 0.2). In a case a = 0.1, the state almost re-
turns to the initial state although the wavepacket spreads
over the system. As increase of the value a, it becomes
difficult to return to the initial state.

Figure 6 shows the results of the time reversal experi-
ments at a fixed value a = 0.1 in disordered system with
the monochromatic perturbation. It is found that differ-
ent from the periodic system, even for small perturbation
strength irreversibility is built in the system although the
wavepacket does not spread over the system.

Totally we can say that the dynamically delocalized
state in the disordered system with coherent perturba-
tion has much potential for irreversibility, and has ability
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Fig. 4. Time reversal experiments for various phase-change
strength a in (a) binary periodic and (b) disordered systems
without perturbation(L = 0). The system size is 214 and we
used a sample. (W = 0.5, ~ = 0.125, T = 500.)

to be entangled with the other quantum state when com-
pared to cases in periodic system. The same idea based
on the time irreversibility has been used to investigate
the “classicalization” for quantum chaos systems.12)

5. Summary and Discussion

We numerically investigated delocalization of initially
localized quantum wavepacket in kicked Anderson model
with coherent time-dependent perturbation. In the
monochromatically perturbed cases, diffusive behavior
maintains within the time scale accessible by the numer-
ical simulation. The diffusion process is anomalous for
small perturbation strength ε � 1, in which the MSD
increases as m2(t) ∝ tα (α < 1). As increase of the
perturbation strength, the subdiffusion approach normal
diffusion. We can regard the delocalization as a kind
of “classicalization” by coupling with small number of
DOF.

Next we performed time-reversal experiments for the
dynamically delocalized states. In the dynamically de-
localized states it is difficult to recover the initial mem-
ory by the time-reversal process after random change in
phase of the wavepacket in a sense that amplitude of
the wavepacket does not take the initial value. We can
say that the dynamically delocalized states are sensitive
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Fig. 5. Time reversal experiments for various phase-change
strength a in a periodic system with the monochromatic per-
turbation (L = 1, ε = 0.2, T = 250). The other parameters are
the same as in Fig. 4.

to the random change in phase of the wavepacket and
this property is one of the remarkable properties differ-
ent from quantum state in periodic systems. Moreover,
the delocalized states become more sensitive to the ran-
dom change in phase as increase of the strength ε. The
more details will be given in our forthcoming paper.10)
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Fig. 6. Time reversal experiments for various perturbation
strength ε in the disordered system with the monochromatic
perturbation (L = 1, a = 0.1, T = 500). The other parameters
are the same as in Fig. 4.
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