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N
Quantum diffusion in 1DDS (lattice model)

0¢(n,t)

ih
o

= d)(n +1, t) + ¢(7’L -1, t) + V(”) t)¢(7’L, t)v
ethe mean square displacement (MSD),

ma(t) =Y (n—n)* (|o(n,t)|*) ~t*

n

a=10 localization
e 0 <a <1 subdiffusion
diffusion exponent
a=2/3 MIT in 3DDS?

a=1 normaldiffusion

eDynamical localization length (DLL): &5 = v/ma(t — o0)
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N
Stochastic fluctuating cases 1 (lattice model)

N N
H(t) = > [n)V(n,t)(n|— JZ\n (n+4 1]+ |n+ 1)(n|),
n=1

eGaussian white noise (Haken te.al 1972, Ovchinikov 1974,Madhukar et al
1977)

Oty —to) = (V(no,to)V(n1,t1)) = W28ng.m,0(t1 — to),
o<n?>  J?
b= tliglo t w2

eHeat bath model (Sumi 1974)
Dynamical CPA
e Two-states colored noise (Inaba 1981, Ezaki 1991)

YAMADA Hiroaki (YPRL) Delocalization by time-perturbation 2018/XX/XX 3 /50



N
Stochastic fluctuating cases 2 (lattice model)

eGaussian Markovian noise (Colored noise)
( Kitahara et al 1979, Sato et al 1984, Palenberg et al 2000, Amir et al
2009, Moix et al 2013, Errico et al 2013)

C(tl — to) = W2(5 ef’yﬁlitol,
J2 |:W2 + +J2] W >> J,

b= I [1+3J} W<< J,

elocalization + Colored noise (Yamada et al 1999, Gopalakrishnan et al
2017)

V(n,t) = e, +v(n,t)

€n: random site-energy, v(n,t):colored noise
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N
Stochastic fluctuating cases 3 (continuous model)

o) W Pl
ih 5 = 5 ou2 + V(z,t)o(z,t),
1 24,2
_ _ —z° /4o
¢(z,t=0) (V2ro)i2°

eGaussian white noise (Jayannavar and Kumar 1982)

<V($0,t0)V($1,t1)> = W29($0—x1)(5(t1—t0)

oy) = et
2ma
2 2
(22) = o%+ h= o L W s

Note: in a classical limit, i — 0,

YAMADA Hiroaki (YPRL) Delocalization by time-perturbation 2018/XX/XX 5 /50



N
Stochastic fluctuating cases 4 (continuous model)

eGaussian colored noise (Heinrichs 1992, Jayannavar 1993)

(V(zo,to)V(z1,t1)) = W?g(zo — z1)h(ts — to),
1
h(tl — to) = ;e

gly) ~ e

|t0—t1|/7’

4

<x2> ~ 12, <:n2”> ~ 72 even, ~ O/ 1 odd

Generally, for g(y) = e~ (m > 1),

oc.f. Debye Wallar factor, motional narrowing, variable-range hopping
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N
Stochastic fluctuating cases 5 (continuous model)

eQuasi-periodic space-time perturbation (Krivoiapov et al 2012)

1
V( \/i Z A ez(kmx wmt)7

A, = A,

<Am> = <AmAn> =0,
(ApAX) = 0%0um
P(k,w) 1.1.d.

<$2> ~ t12/5, <p2> ~ t2/5
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|
DL in coherently perturbed kicked 1DDS

eTightly Binding Model

N N
H(t) = Y [mV(n)1+ f)(nld —t > (n){n+ 1]+ |n+ 1)(n]),
n=1 y n
& = Y _d(t—m) os(wjt + 6;).

— V/(n): spatial disorder (disorder strength W)
— € perturbation strength(e < W)
— wj;: incomensurate frequencies of order O(1)

— M number of colors
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Scaling of DLL 1(AM, M=0,M=1)

edynamical localization length: £ = \/nm(h =1/8, 7=1)

1047
| (@) SMe=0

(b) SMK=3.1

L

T T T
o o o0 w0 oo’

o Wz % w0

dynamical localization
length

Characteristic disorder strength

&o(e=10) ~
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C()W_2
)

(W < W¥)
(W > W)

yWH ~ 2—7Th =0.78.

T
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Scaling of DLL 2 (AM, M = 1)

eScaling of the DLL

waw”

(e, W) =~

coW 2exp{cie} (W < W*)
Erexp{caWe} (W > W),

T T
000 002 004 006 008 010
€
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Scaling of DLL 3 (AM, M > 2)

eScaling of the DLL

1000

M=3, £=0.01
c3e001LLa

E(e, W) =~ W 2exp{cie} e < 1
1000; . .
b But, it grows faster than exponential
: with increasing ¢ !

T T
0 10 20 30 40 50 60x10°
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]
Scaling of DLL 4 (AM, M > 2)

eScaling of the DLL

10004

1000

T T T T
10 20 30 40 560x10°

€ I

T T T T T
5 10 15 20 230x10°
€
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100

@ y=g

(e, W) ~

(W < W)
(W >wr),

coW 2exp{cie}
Eyexp{caWe}

10

T T
20 30x10°
We
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]
Scaling of DLL 5 (SM,M = 1)

e Quantum standard mgp(SM)
H(p,q,t) = % + K cos ¢ {1 + ecos(wit + @)} ¢,
52

Hyut = %—i—wlj—i—Kcoscj{l—i-ecosngﬁ}ét,

|

I i

(K/h)—dependence of DLL:
pe = Dexp(Ae)

K\? K\?
Pe X <h> exp lconst.e <h> ]

in the quantum regime.
€ << h?

100

T
10
K/h

T T T T T T T T
2 3 4 5 6 789 2 3
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N
Maryland Transform 1(AM,M = 1)

e one-step evolution operator when the monochromatic dynamical

perturbation is taken into account by the J—oscillator in an autonomous

way.
U, = e—iw1j/he—iT(ﬁ)/he—iV(Q)(1+ecosq@)/h.
Maryland transform:
Urot|u1) = e 7|uy)
=Tight-binding form

e Generalization to the cases M > 2 is easy
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N
Maryland Transform 2(AM,M = 1)

eThis eigenvalue problem can be mapped into the tight-binding form for
the 2DDS by the Maryland transform,

ﬁtot‘ul> _ efiAefiBefiC"uﬁ _ e*”]ul)

A = (Wu(§) + wiJ)T/h,
B = eWu(§)(cos¢)r/h,
C = 2cos(p/h)/h

(W(@) +wiJ — v)T
2

+1(p, d, <z>>> @ = o.

(tan

eu(n,j) = ((n| @ (j))[@) (|j) is eigenstate of the .J)

an+jw1h Y . NN A /.
tan[2hT_2]u(n’j)+z<”’3|t|”73>u(nyj)—0,

1 il
n,J
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N
Maryland Transform 3(AM,M = 1)

n/ j/>

efier((j) cos¢T/h _ et2 cos(p/h)T/h
le—ier(cj) cos ¢7/h + ei2cos(p/h)T/h

e—iB _ eiC‘

lf
e—iB + etC

(n,jltn', 5" = <n,j

e

n',j'> )
e = 0 as the simplest case of the hopping term

~ 1 2m ) , A
(n,jltln’,j") = 277/0 dpe"~P tan [COS%’/)T},

where p = 27hk/N.
e In the small 7 limit , tan(x) ~ x.

p
TW/2h~ 7 — W* =~ "1,
T

e In € = 0 the relationship between AM and SM
w h

UK
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N
Self-Consistent Mean-Field Theory 1 (self-consistent Eq.)

oD, (w): dynamical diffusion constant in the y direction (1 =1,2)

Do) _ | 1 Dule) 5~ 1
p® — 7wp pO —iw+ 32, Dy(w)q2
H Hooq1,q2 v=1-—""V v

€u(w)? = Dy(w)/(—iw),

e In the limit of w — 0, {,(w) — &(w = 0) localization length(LL)

QP W 1 _[6W) &
) =1 S0 gl(w)&(w)_[ ) el }

ty = 63/D,(P): the localization time —

¢, characteristic length of the integration
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|
Self-Consistent Mean-Field Theory 2

&(w)/h péa(w)/la 1
= [gléw)’ fg } / / dQMsz’
. ) + Q1 + Q3

where ¢ is an appropriate numerical factor of O(1).

e MSD's are expressed (Diffusion by driving force):

2:2 1 _ 2 _ 1 (0)
G = lim {(¢(s) - ¢(0))") = lim §<TD13 = W'Dy 4,
2:2 1 _ 2\ 1 _ 210
Gh* = Slggo((J(s) J(0))%) = Th_rgo SE<TD23 = h"Dy 4,
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|
Self-Consistent Mean-Field Theory 3

e the factor 5”572“’)215” is independent of y:
m

El(w = U) ~ 61642/26

= 2DDS &r44s5 ~ &nfpeﬂemfp/2
(mean free path £,,f, of 1DDS)
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|
Self-Consistent Mean-Field Theory 4

Time-dependent diffusion constants D, and Do,
o SM:

Dis = K?[(sin®qs) + Re Z(sin s Sin gs)]
s'<s

Dys = KZ%e[(cos? ¢s) sin® g5 + Re Z (cos gy €OS gs) sin ¢ sin ¢g).

s'<s

D = Dy/n? = k2202, DY = 2D 2

Dey 0y = &
hQ: 2—\/5

K\? K\?
De X (h) exp lconst.e (h)
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Self-Consistent Mean-Field Thoery 5
o AM:

GR? ~ W2 (0(gs)v(gy)) (sin gg sin gy ) ~ W€y /2

SS

g YW (W)
! {1/1/{/*2 (W > WH).

(V2 (W< W)
bo~ ey W2 /2= { W2 (W > W)

coW 2exp{cie} (W < W*)
Eyexp{caWe} (W > W),

E(E,W):{
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N
Localization-delocalization transition 1(M > 2)

Hiot(p,G,t) = 2cos(p/h) + Wuo(q) 1+ f(t)] e,
v(@) = > 6(g—n)valn)(n|

nez

M
fit)y = \/LMZcoswjtét,W: €2/2
J

el ocalization-delocalization transition (LDT) for M > 27

o Critical perurbation strength e,
o Critical disorder strength W,
@ subdiffusion exponent a(mgy ~ t%) at €,

@ critical exponent v(§ ~ |e — e.|7Y) at €.

YAMADA Hiroaki (YPRL) Delocalization by time-perturbation 2018/XX /XX 22 / 50



N
Localization-delocalization transition 2(M > 2)

oMSD and the scaled MSD

mgNta

Ale,t) = m2t(§’t)
= Fle-9t™) ¥

— t=40000 [
120000
200000

The asymptotic function form:
F(z) — |z|~%.

(c) AM M=2
0.4 - g
10 24
1077 3
0.2+ = & r
T T T T 10%° "y"’"‘y T x""'y"
2 4 6 810 -40 -20 0 20 40

LDTof M =2 *
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Localization-delocalization transition 3(M > 2)

e the non-Gaussian parameter (NGP) Ngp

1 my (t)

Nap(t) = 5oz b

where my4(t) = Y. (n— < n >)*P(n,t).
Py(ns(t),t) = P(n,t)dn/dns(t) at several t's as a function of scaled
coordinate n4(t) by the spread of the wavepacket:

n n
X
Mo (t) ta/2

ns(t) =

Evidently, Stretched Gaussian distribution:
P(ny) ~ exp(—|ns(t)]),

except for the range close to the origin of the critical state,
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N
Localization-delocalization transition 4 (exponents:«)

e M —dependence of subdiffusion at the critical value €.

ma(t) ~t% €=e,,
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Localization-delocalization transition 5 (exponent:«)

One-parameter scaling theory and diffusion exponent «:

e In the long-time limit (t — o),
2

i~ {5, 5
In the vicinity of LDT € ~ €., we assume

D~ (e—¢€)® (e>e€)

{§ ~(ec—€)7" (e<e,).
The exponents satisfy Wegner relation
s=(d-2)v

where d is spatial dimension.
e Scaling hypothesis:

ma(t) = a*Fy(L¢/a,&/a),

with two-variable scaling function F(z1,z2).
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Localization-delocalization transition 6 (exponent:«)
Here a unique characteristic length L; introduced by dynamics is given
Ly ~ 17,
where ¢ is a dynamical exponent. If we set a = £ mo scales like

mQ(t) = £2F1 (to/£7 1)7
27 (17" (e — €.)),

where Fy(x) is a one-variable scaling function.

20 + 75 _ 1,
v
Using Wegner relation it follows
1

Therefore, at the critical point € = €. of LDT, MSD behaves subdiffusion
ma(t) ~ 1 = ta
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.
Localization-delocalization transition 7 (exponents:«, [3)

eScaling theory at the critical point €. for M colored case

_2_ 3 2 _
aM=g = M+1’M 2-a)

107 1 = %
107 - £
g 10% ] E %
& e F o
0] r £
21 7] C 0.4+ - 00 02 04 06 =
10 = : o
" R
10% o F g
107 4 = 0.2 -9 .o
107 4 C
0.0 [
0 T T T T T
2 4 6 8 10

distribution form Moo
(a, ) relation
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.
o — (3 relation 1

eMaster Eq. of probability distribution P(n,t):

8 t / / / / !
5. P 1) _/O dt ZW(n,n t—t)AP(n ,n,t),

where, AP(n',n,t') = P(n',t') — P(n,t). After caouse-graning,

0 t ’ ’ 82 ’

1(t—1) = (1/2) 3 g(Ax, t)(Ax)?

Az

Laplace transform:

~ - O?P(z,s
sP(x,s) :I(s)ag(‘x;)
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.
o — [ relation 2

eSolution
P(z,s) = B(g)e—m\/m’
d+ico _
P(Jj,t) :/ dSB(s)e*m S/I(s)Jrst’
d—ico
In the s — 0,

s/I(s) = fos®
Saddle point of the equation (0 < o < 1):
alz|fos® — st =0,
In the limit o/t << 1, s — 0,
s* = (afolel /1))

P(z,t) = Be:cp{—|:c/w5(t)\ﬁ}

o
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|
o — (3 relation 3
For t* < |z| < t,
t()é
s(t) = )
T ( ) f()aa(l . a)(l_a)

«
~ 17,

Note: P(z,t) satisfies the fractional diffusion Eq.

0°P(x,t) i@zP(ac,t)
ot fE 02?2

Note: In CTRW, for a,b € Ry,

0*P(x,t) OP(x,t)
ote T ggb

< 22(t) >~ 2/,
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Localization-delocalization transition 8(AM,M = 5)

oW =05<W*

85 (b) M=5

8.0

In A(e,t)

75

0 /

6.5 T T T T T T T

12 14 16 18 20 2224x10°
€

€. = 0.0175, o ~ 0.34

Inset:

\ s(t) = In(A(e,t)/Au(t))/(ec —€)

T x tOé/2l/
Scaled

MSD around LDT of
M=5 — v ~0.62
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Localization-delocalization transition 9(AM:Scaling)

A(et)

YAMADA Hiroaki (YPRL)

o M =3, W =0.5,

Il
8 //’
@ /
7 P I
460 -
e = 4% © r
= _ 5 as0 L
o 4451 L
\ S aa0+ F
6 435 o
430} -
80 T T
120 128
154 © N, logt
o N
5 L6 .
<60
55
50
25 30 3540 4550107
4 € L
T T T T
-4 -3 -2 -1

log x

=

Delocalization by time-perturbation

= 75 S -
~ NVt N
< VIVt 82
V\‘"\a‘.‘ 60
70 =
A 120 130 140
‘ logt
65— L
V“
0""‘
6.0 L
T T T T T
15 -1.0 0.5 00 05
log x
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Localization-delocalization transition 10(SM:Scaling)

.M—3,K:31,h: .(‘4:7,K:31,h:
I I I I I I I I | | | L | L
@
02 @ L
054
g L1 0.1 L
s 234 (c) =
= *,,_,/ 2 220+ o —
< — - o 21 - o
< 00 8] [ < 004 "
g —~— 1o [ S
9
= 6
s -0.1 08 L
£, = b
05-4<" gx10
i <oz
[ o 00
024 202 L
65 70 75 80 8590x10°° 04
T T T T T T T 030910121l?l]:‘lQ)(lU3
-18 -16 -14 -12 -10 -08 -06 -04 T T T T T T
log x -2.8 -2.6 -2.4 -2.2 -2.0 -1.8
log x
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N
Localization-delocalization transition 11 (localization
length)

oAM with W = 0.5

T

=
o

10“é E
" ORI
; ' eM(e) = AlM|e— M
0 Ty 2 3 4
P <6’ <&’ @)
@ 5 B
W 10° 4 % U(2) > I/(3) > V(4) > ceeey
102< “‘Aﬁﬁ ;

2 3 4667 " 2 3 aber
00

0 y
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N
Localization-delocalization transition 12 (exponent v)

e Critical exponent v and critical value ¢,

€ ox (M —1)7°,

10»1? N
] (b) -
B i slope -1 i
> -
d_ —
g 102 4 3
© ] r
Q - o ] C
K= w - -
5 ] L
B —o— AMW=05 i
= AMW=08

10° 3 M 3
I I I I I : T T T T LI I :

4 6 8 10 12 '0 4567

d, M+1 10 M-1
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Localization-delocalization transition 13 (exponent v)

Critical exponent v of localization length:
eSelf-consistent mean-field theory(Vollhardt and Wolfle 1980)

VVW:{

e Semiclassical theory(Garcia etal 2008)

‘H

= (2<d<4)
(d>4)

NI Q)

1, 1
1% = -4+ —
¢ 2 d—2

e Harris's ininequality(Harris 1974, Chayes etal 1986)

v > d
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Localization-delocalization transition 14 (critical exponent)
e d-dimensional random system

Ex~le—e|™, v=1/2 ind — oo(MFT)

M=2 M=3 M=4 M=5 M=6 M=7

SM(K =3.1,h=0.24) 137 095 070 050 0.50 0.40

Cchabe etal 08 158 1.15 - - - -
Borgonovi etal 97 1.537 1.017 - - - -
AM(W=0.5) 146 1.18 0.80 0.62 0.53 0.41
AM(W=2.0) 148 1.01 0.88 065 0.57 0.49
d=3 d=4 d=5 d=6 d=7 d=8
Markos 06 157 112 0.93 - - -
Garcia etal 07 152 1.03 0384 0.78 - -
Slevin etal 14 157 1.15 0.97 - - -
Tarquini 17 157 111 096 0.84 - -
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Localization-delocalization transition 15 (AM: and SM ¢,)
e M-dependence of ¢,

1 n

I 7

6] 64

" S

34 4]
2

N

001 E

= ] w2
B
o]
N
o

o K3, 0,01

2] -mk=312h, o

K=5,h; 81

= 74

P ) |
T T —
1 leoo 3 4 5 6 789
M-1
1
€™~ 371 (M > 2)
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N
Localization-delocalization transition 16 (AM: ¢,.)

e Critical curves e Scaled Critical curves
N | . el .
017 o . Delocalization 0.19- -
b o - g . Delocalization
61 N A ~£§-
5 6 3
44
5
N
o
s 2 E Localization
W a3
:
0.01 5 | M=2
1 @ M=3
8
7 Localization w M=4 %
6 M=5 %
5
4
! A S S S Y T 0011, — —
2 3 4 56789 2 3
0.1 m 1 01 »
€c = (M — 1)e.
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N
Localization-delocalization transition 17 (SM: ¢,)

° h/‘K—dependenc‘e sE'-v_vm

e Scaled diagram

P

T

T

T

(b) 41
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Localization

Delocalization
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Conclusions

e M = 1:monochromatically perturbed case
— The localization length can be expressed by the localization length &
of the unperturbed system
— It can be approximately explained by SCT for anisotropic 2DDS
— It corresponds well with the localized phenomena of the SM
— Localized phenomena are different at W*

— W™ can be explained in the Maryland transform.

e M > 2:polychramatically perturbed cases

Critical strength €., LDT observed
Diffusion exponent o and 3 at € = ¢, is close to that of OPST.

— M —dependence of v deviates from that of the self-consistent MFT
for M — oo

— M —dependence of €. does not depend on W
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|
Remaining problems

e M = 1:monochromatically perturbed case

— Relationship with the perturbed Anderson model (time-continuous
system)

— Scaling properties of localization processes
e M > 2:polychramatically perturbed cases

— Derivation of the M —dependence of ¢.:Limit of application of SCT

— Relationship with polychromatically perturbed Anderson model
(time-continuous system): Does the LDT occur in tha case M >27?

— Does the LDT occur in monochromaticaaly perturbed 2DDS?
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Localization-delocalization transition (AM: phase diagram)

e Critical curve

o M >2, W < W*(Ls)
€ < ¢, Ballistic — Localization
€ = €. Ballistic — Subdiffusion
€ > ¢. Ballistic — Diffusion

loge loge,

Delocalization

P1

o M >2W > W*(L4)
i o € < €. Diffusive — Localization

La e = ¢. Diffusive — Subdiffusion

log W'* log _€> € Diffusive — Diffusion

€c = (M — 1)e.
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N
Localization-delocalization transition (AM: W,.)

Scaled MSD
Y AM, M = 2, e =0.05 2-| T T R Y|
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Localization-delocalization transition (AM: Scaling)
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Localization-delocalization transition (AM: ¢.)
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